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Abstract-An analytical expression 19 presented for calculatmg the eigenfunction norm for hnear 
second-order Sturm-Llouvllle problems This formula can be used to explicitly norm eigenfunctlons 
In addition, the exact solutions to second-order parabolic or hyperbolic problems with partial derlva, 
tlves can be slgmficantly simphfied @ 2001 Elsevier Science Ltd All rights reserved 
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The solution to parabolic or hyperbohc problems with partial derivatives on a compact can often 
be found m terms of a Fourier series This series 1s built using the elgenfnnctlons and elgenvalues 
of the correspondmg Sturm-Llouvllle problem For instance, the solution to the parabolic problem 
+ T (x) T, a<x<b, t > 0, 
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where P(X), P’(X), 4x), and r(x) are contmuous on [a,b], p(x) > 0, and q(x) > 0 on [a,b], 
and f(x), cp&), and @(t) are piecewise smooth, can be written as 
O” *n(x) -X,t 
T(x,t) = c 2e 
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where Q\E, (z) and X, are the elgenfunctlons and elgenvalues of the Sturm-Llouvllle problem 
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a<x<b, 
1s the square of the elgenfunctlon norm For practical apphcatlons, problems of type (1) commonly 
involve functions f(z), &(t), and &(t), such that the respective integrals m (2) are easily found 
However, concrete use of the solution (2) m any case requu-es the values of l)Qn)12 to be known 
Until now, this could be done only by numerical integration, except for the followmg sltuatlons 
(see, for instance, [1,2]) 
1 the elgenfunctlons Q,(z) are hyperbolic, trigonometric, or Bessel functions and the seg- 
ment [a, b] 1s arbitrary, 
2 the elgenfunctlons an(x) are classical special functions, and the segment [a, b] 1s special 
(for instance, the segment [-1, l] for Legendre functions) 
In this article, we present a form&a that allows one to exphcltly find the elgenfunctlon norm (4) 
for any problem of type (3) m the region of contmuous dlfferentlablhty of p(s), q(x), and T(X) 
Let the function F(x, X) satisfy the different& equation 
$ + (Xq (x) + T(X)) F = 0 
Then the followmg equality holds 
s q (x) F2 (x, A) dx = p(z) sg - FE 1 + const (6) 
Indeed, direct dlfferentlatlon of both sides of (6) m accordance with the dlfferentlal equation (5) 
gives 
6’F d2F dp dF 1 1 +dX - “8x2 +iGzG 1 
=-F$-[-(Xq+r)F]+g[-(Xq+r)F]=q(x)F’(x) 
A concrete example of using (6) will be given The followmg problem arises m the theory of 
stationary heat conduction m falling lammar films 
T(Y,O) = 0, 
f3T ( > dy y+ = 0, 
(7) 
W, 2) = cp tz) 1 2520 
Here C$ 1s a certain physical parameter, -1 < qb < 1, and ‘p( z 1s a piecewise smooth function ) 
The solution of (7) can be easily found 
T(y,z) = --Es (2) /=q(x)e-".'-)dx 
y=l 0 
(8) 
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As before, X, and Q*(y) are the nth elgenvalue and elgenfunctlon They can be found from the 
followmg Sturm-Llouvllle problem, which corresponds to (7) 
d2Q 
2/+ = 
0, 
9(l) = 0 
The function Q (y) can be found exphcltly, for instance, 
(9) 
where f(y) = @((I - X)/4, (l/2), Xy2)e-xY2/2, g(y) = a((3 - X)/4, (3/2), Xy2)e--xy2/2, and 
@(a, b, z) 1s the confluent hypergeometrlc function 
Until now, lle,((2 could be found without use of (6) only numerically Formulas (6) and (10) 
along with the boundary condltlons m (9) give 
lPnl12 = (%),=, (g) y=l 
X=X;, 
Then the solution (8) can be wrltten as 
(11) 
The coefficients m the series (11) can be found analytically The coefficients of (8), on the 
other hand, are more comphcated and require numerlcal mtegratlon 
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